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Unit Outcomes:
After completing this unit, you should be able to:

»  know basic concepts about complex numbers.

»  know general principles of performing operations on complex numbers.
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INTRODUCTION

Why do we need to study complex numbers?
Why do we need new numbers?

Before introducing complex numbers, let us look at simple examples that illustrate why
we need new types of numbers.

For most people, “number” initially meant the whole numbers, 0, 1,2, 3, . . .. Whale
numbers give us a way to answer questions of the form “How many...?” But whole
numbers can answer only some such questions. For example, as you learned to add and
subtract, you probably found some subtraction problems, such as'3-5, that you couldn’t
answer with whole numbers. Furthermore, you probably encountered real-life situations,
such as issues of temperature and temperature scales that defied whole-number answers.
They showed you that such problems exist in real life as well as in the classroom, and
that they need real answers.

Then you found that if you could work with integers, ..., =3, -2, -1,0, 1, 2, 3, ..., all
subtraction problems had answers! Clearly negative numbers are needed in real life.

So, by using integers, you can answer all subtraction problems. But what if we are
dealing with division? Some - in fact most — division problems 'don’t have integer
answers. For example, 1+2, 3+2, 5+3 and the like can’t be answered with integers. So
we need new numbers! We then moved to rational numbers to provide answers to those
problems.

There is more to this story. For example, some problems require the use of square roots
and other operations — but we won’t go into that here. The point is that you have
expanded your idea of “number” on several occasions, and now you are about to do so
again.

L] HISTORICAL NOTE

Jean-Robert Argand

Argand was born in July 1768. He was a bookkeeper and amateur
mathematician, and is remembered for having introduced the
geometrical interpretation of the complex numbers as points in
the Cartesian plane. His back ground and education are mostly
unknown. Since his knowledge of mathematics was self thought
and he did not belong to any mathematical organization, he likely
pursued mathematics as a hobby rather than a profession.
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Unit 7 The Set of Complex Numbers

OPENING PROBLEM

The “problem” that leads to complex numbers concerns solutions of equations such as,
i x*-1=0 i x*+1=0

1 Which equation has real roots? (Equation i or ii?) Can you explain?

2 Draw the graph of y = x* —1and y = x* +1using the same coordinate axes and
identify the x-intercepts and y-intercepts of each graph.

In Equation i, =1 and 1 are the two real roots but Equation ii has no real root,
since there is no real number whose square is negative.

Do you agree with these answers?

3 Do you see any difference between roots and x-intercepts? So if Equation ii is to
be given solutions, then, you must create a square root of —1.

THE CONCEPT OF COMPLEX NUMBERS

In the above problem, for Equation i to have solutions, you must create a square root of —1.
In general for any quadratic equation of the form ax® +bx+c¢ =0 to have solutions,

you need a number system in which +/b? - 4ac is defined for all numbers a, b and c.

The number system which you are going to define is called the complex number
system.

To this end a new number which is called an “imaginary number” namely /-1 =i
(read as iota) is introduced.

Example 1 Using the notation introduced above, you have:
a A= JE)Va=2i b =25 = J(F1)\/25 =5i
¢ J2=JEDx2=J-12 =12

Now you are ready to define complex numbers as follows:

Definition 7.1

A complex number z is an expression which is written in the formz = x + yi, for

some real numbers x and y, where i = /-1 ; the number x is called the real part of z
and is denoted by Re(z)and the number Yy is called the imaginary part of z and is

denoted by Im(z).
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NorATIONS
The set of complex numbers denoted by C is given by

C = {z|z = x + yi where x and y are real numbers; andi = \/—_1}
Note that i =v/-1=i? = -1.
Example 2

a Forz=2-5i, Re(z)=2and Im(z) = -5
Forz=6 + 4i, Re(z) =6 and Im(z) =4
Forz=0+2i=2i,Re(z)=0and Im(z) =2
Forz=0+0i=0, Re(z)=0and Im(z)=0
Forz=4+0i=4, Re(z)=4and Im(z) =0

O O O T

Equality of complex nhumbers

Suppose z; = x + yi and z; = a + bi are two complex numbers; then we define the
equality of z; and z,, written as z; = z,, ifand only if x =a.and y = b.

Example 3 If 15-3yi =3x+12i, then 3x=15and -3y =12
Thus, x=5 and y=-4. . '

| Exercise 7.1 |

1 Write the following without exponents.

.3 - 4 - 7 .8
a i b i c i d i
=101 =102 =103

e i f i g i h i

2 Generalize for i?"and i*™.

INVM Consider the case when n is odd and when n is even.

3 Identify the real and imaginary parts of each of the following complex numbers.

a ? b J5+2i2 ¢ 7 d i
4 Find the value of the unknowns in each of the following equations.
a X=3i =2+12yi b 7+2yi=t-10i

5  Write each of the following real numbers in the form of a + bi where a and b are
real numbers.

a 3 b -7 c 0 d 13

6 Given any real number r, is it always possible to express it as a + bi for some real
numbers a and b?
7 Can you conclude that any real number is a complex number? Explain.
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OPERATIONS ON COMPLEX NUMBERS

From the above exercise and the discussions so far, you can write every real number r in
the form of r = r + 0i; this means that the set of real numbers is a subset of the set of
complex numbers. Now the present topic is about extending the operations (addition,
subtraction, multiplication and division) on the set of real numbers to the set of complex
numbers.

| Addition and Subtraction

Before defining addition and subtraction on the set of complex numbers, let us look at
your experiences of adding and subtracting terms involving variables as an Activity.

ACTIVITY 7.1

Perform each of the following operations.

a  (2x+3y) + (bx - 7y) b (3x + 4y) — (6x - 2y)

c (3+Kk)+ (5-3k) d (5+4h)- (13 +2h)
Now, you have experience in adding expressions'such as (3 — 5x).+ (6 + 7x). You do it
by combining similar terms in the expressions. For example, if you were to simplify the
expression (3 — 5x) + (6 + 7x) by combining like terms, then the constants 3 and 6
would be combined to yield 9, and the terms (- 5x) and (7x) would be combined to
yield 2x; hence the simplified form is (9 + 2x).

i.e.,, (3-5x)+(6+7X)=(3+6)+(-5x+7x)=9+2x

In a similar fashion, you combine like terms (the real part to the real part and the
imaginary part to the imaginary part) in complex- numbers when you add or subtract.
For instance, given two complex numbers z; = 3 + 4i and z,= 5 + 2i to find z, +z, you
add 3 and 5 together (the real parts) and add 4 and 2 (the imaginary parts) to get 8 + 6i;

and to find z; — z,: you subtract 5 from 3 (the real parts) and 2 from 4 (the imaginary
parts) to get -2 + 2i.

Definition 7.2

Given two complex numbers z, =x+yiandz, =a+bi, we define the sum and
difference of complex numbers as follows:
| 742, =(x+a)+(y +D)i

i z,-z,=(x—-a)+(y-b)i
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Example 1
a (3-5)+(®+7))=(3+6)+(-5+7)i=9+2i
b B—-4)—(2+1)=B—-2)—(4+1)i=1-5i

Work 7.1

1  Given:z; =a+bi, z; = c+diand z3 = x + yi, answer each
of the following:

a Isz, +z,a complex number? Explain. What do you call this property?

b Find z;+z, and z,+Zz. Is z, +z,= z, +z,? What do you call this
property?

c Find z,+(z,+2,) and (z,+2,)+2,. Is z, +(2, + 2,) = (2, + 2,) + 2,?
What do you call this property?

d Findz, +0,0+z,(0=0+0i ) and compare the values.

Can you conclude that 0 is the additive identity element?
e  Find the sums z +-z and —z+z.
Can you conclude that -z is the additive inverse of z ? Why?
From the above Group Work, you can summarize the following: "

The set of complex numbers is closed under addition.

Addition of complex numbers is commutative.

Addition of complex numbers is associative.

0 is the additive identity element in C.

For every z in C there is an additive inverse —z suchthatz+ -z=0=-z + z.

| Exercise7.2 |

1 Perform each of the following operations and write your answers in the form of

AN NN

X+Vyi.
a VJ-9++-64 b (4+5i)+(2-3i)
c (4+5)-2-3i) d (7 -12) - (3+12i)
e (2++-16)-(1++/-25) f i°+i°
g i12 _i16+i21 h 2i9+3i18
2 Solve each of the following for x and y.
a (4-2i)+(3+5)=x+yi b (10+7i)-(2-3i)=x+yi
c (x+yi)+2(3x-y)+4i=0 d (2x+3)i+4(y+4i)+5=0

270



Unit 7 The Set of Complex Numbers

[F¥| Multiplication and Division of Complex
Numbers

Multiplication

Once again, before defining multiplication of complex numbers, let us look at the
experience you have in handling multiplication consisting of terms with variables as an
Activity.

ACTIVITY 7.2

1 Find each of the following products:

a (a+b)@+h) b (a+b)@a-b) =
c  (x+3y)@2x-"5y) d (x+3)¢+1)
2 Using the fact i’ =-1, find each of the following products:
a +i)@-i b (3+2i)(5+17i)
c (3+4i)(3-4i) d (3+_4i)(3+ 4i)
Definition 7.3

Given two complex numbers z, =x+yi and z, =a+bi, the product of z: and z, is

defined as follows:
z,z, = (ax — by) + (bx + ay)i

You do not need to memorize the formula, because you can arrive at the same result by
treating the complex numbers like multiplying terms involving variables; multiply them
as usual and then simplify noting that i = —1.

Example 2 (2+3i)(4+7i)=2x4+2x7i+4x3i+3i x 7i
=8+14i +12i - 21 = (8- 21) + (14 +12)i
= -13+26i

Work 7.2

Given,z, =a+bi, z,=c+diand z,=Xx+Yyi; answer the
following:
a  Isz;z,acomplex number? Explain. What do you call this property?

b Iszz,=z,z,? What do you call this property?
c Is z,(z,2;)=(z,2,)z;? What do you call this property?
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d Is z(z,+2,)=2,z, + 2,2,? What do you call this property?
e Is(z,+2,)z,=2,2, +2,2,? What do you call this property?
f Findz.1 and 1.z, (1=1+0i ) and compare the values.
Can you conclude that 1 is the multiplicative identity element?
From the above activities you can summarize the following:

v' The set of complex numbers is closed under multiplication.
v' Multiplication of complex numbers is commutative.

v' Multiplication of complex numbers is associative.

v" Multiplication is distributive over addition in C.

v' 1isthe multiplicative identity element in C.

Division

You can think of division as the inverse process of multiplication, since for any two real
numbers a and b with b # O the phrase “a is divided by b” can be symbolized as:

E=a(1j;b¢0.
b b

Now, do the same thing for complex numbers in the following Group Work.

Justify each step in the operation performed below.
1 1 ) 1
=55
1 (1 2-3i
2+3i_(2+$)(5tﬁj

i_ is the multiplicative inverse of 2+ 3i
2+3i

2 3 is the multiplicative inverse of 2 +3i
13 13

2 Give reasons for the following arguments.
Given z=a+bi#0 (0=0+0i)

1 :[ 1 j(a—bij
a +bi a+bi \ a-Dbi

1 _ a b
a+bi a*+b* a’+b?
You conclude that — 2 - 4 ~is the multiplicative inverse ofa +bi.

a’+b? a’+b
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Now division of complex numbers can be defined as follows:

Supposez, =x+yiand z, =a+biZ0 are given, then you have the following:

. 1 . a bi
—_— = + - | = -
2,57 (x yl)(a+bij (X+yl)[a2+bz az+sz
_ ax+by+(ay—bx)i
a’+b*> a’+b?

Definition 7.4
Supposez, =x+yiand z, =a+bi#0 are given, then z, divided by z, denoted by

L or z,+z,is defined to be z,+z, = 2= ¥y, (&Y ~bY)i

z, z, a’+b® a’+b?

For every z # 0 in C there is its multiplicative inverse 1 such that z xL =1= 1y Z.
z z z
Example 3
a 1 3 noo_ 3_n

3+71 32+77 3¥+77.53 58
i+1 _ . 3 (~4i) : [3 4ij
b = =(i+1 - = (i+1)| =+
a4 )£32+42 32+42j (i+D)
R

+

25 25

|_Exercise7.3 |

Perform the following operations and write your answers in the form of a +biwhere a
and b are real numbers.

1 (-3+4i)2-2i) 2 3i(2-4i) 3 (2-7i)3+4i)

; ) “ . ) 2-3i\ 1+i
4 1+1)(2-3i 5 2—-1)-1(1-2i 6 _—
(+e-a @-)-i-2) )
7 278 640 g - I
3+2i
10 1 11 *3 12 472
2+3i 5-2i 1-i
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COMPLEX CONJUGATE AND MODULUS

ACTIVITY 7.3

Given complex numbers z; = X + yi and, z, = x - yi find

a  the product z12, b thesumzi+z, ¢ the difference z1-z,
From the above activity you can observe the following: '
i (x+yi)(x—-yi) = x*+ y*which is a real number.
ii (x +yi) + (x = yi) = 2x which is twice the real part.
iii (X +yi)—(x-yi) =2yi which is a purely imaginary number.
The complex number x - yi is called the conjugate (or complex conjugate) of the

complex number x + yi. Conjugates are important because of the fact that a complex
number multiplied by its conjugate is real; i.e., (x + yi) (x ~yi) = x>+ y*

Definition 7.5

The complex conjugate (or conjugate) of a complex numberz = x + yi, denoted by
Z isgivenby Z=X-Vi

Example 1
a If z=5-6i,then Z=5-(-6)i=5+6i
b Ifz=—1+£i, then Z=—1—li
2 2
C Ifz=4=4+0i,then Z=4 d If z=-2i,then Z=2i

Example 2 In the table below, three columns are filled in; you are expected to fill in
the remaining two columns.

Complex | Conjugate Product Sum Difference

number z of 2 (Z) (2Z) (Z+7) (2-2)
2+3i 2-3i 13
2-3i 2+ 3i 13
3-5i 3 +5i 34
3 + 5i 3 - 5i 34
4i - 4i 16
- 4i 4i 16
5 5 25
a+bi a-bi a’+b’
a-bi a+bi a’+b’
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Properties of conjugates

ACTIVITY 7 4

Given two complex numbersz, =3+4i and z, =5-2i find the
following:

a zA b Z, c 7,7 iy
d ,t1, e 4+, f 77,
- 7 Z
g 4 oA ' [_lj
5 2
j 7, k zZ

Theorem 7.1

For any complex numbers z, and z,, the following properties hold true.

i 2,+7, =2Re(z,) i z,-7,=2ilm(z,)

i i 4 |-

2,.2,=7,.7, — |==
z Z
2 2

(The proof of this theorem is left as‘an exercise to you.)
Note that iv and v of the above theorem can be extended to any finite number of terms. i.e.,
z+2,+t..+z, =7,+7,+..+Z, and z,.2,...2, = 7,.Z,...T,

One of the important-uses of a complex conjugate is to facilitate division of complex
numbers. As you haveseen, division is the inverse process of multiplication.

ie., A Z, ifand only if z, = z,.z, provided z, #0
ZZ

Ifz, =x+Vyi,z, =a+bi and z; =c +di, then from (x + yi)+b_ =c +di, one could solve
a+bi
the following:

X+ yi = (a+ bi)(c + di)
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. 1 .
X+ yid——=(c+di
y a+hi ( )

+ - + -
= & by andd = ay ~bx and conclude that z, = h- ¥ by 4 in
aZ +b2 aZ +b2 Zz aZ +b2 aZ +b2

However, this is very tedious! Instead, you can use conjugates to simplify expressions of
X+ y! and multiplying both the
a+bi

numerator and denominator by a — bi, which is the conjugate of a + bi to arrive at the

quotient.

the form (x + yi) + (a + bi) by writing it in the form of

Example 3 If z,=2+3i and z, =5-1,then,

7, _2+3i _(2+3ij(5+ij _7, 17,

z, 5-i \5-i)\5+i) 26 26
So, one can consider division of a complex number as multiplying both the dividend
and the divisor by the conjugate of the divisor.

Definition 7.6
The absolute value (or modulus) of a complex number z = x + yi, denoted by|z| , 1S
defined to be

o= vy’
This is a natural generalization of the absolute value of real numbers, since
[x+0i[=/x* = X.
Example 4
a  If z=2+5i, then [z| =22 +5% =29
b If 2=5+12i, then |z| = \/5? +12? = 169 =13
If 2=i, then |z| = \1? =1

Ifz=-2, then |z|=/(-2)* =|-2|=2

o

o

If z =x+yi and z, =a+bi,then

12, -2, = |(x— ) + (y - b)i| = /(x—a)? + (y - b)’
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Some properties of conjugates and modulus can be summarized as follows:

Theorem 7.2
For any two complex numbers z; and zs the following properties hold true:

i A =|zl|2 v |2,-2,| = |2,| Oz, |

=z S 2 P P
|Zl| |Zl| Z, |22|l| Z2

i Retzlsle vil Triange nequaly: 7, + 2 <[ +I2

v [Im(z)| < |7 vili |z, - z,|2|z| -z,

Proof:
Let z, =x+yi and z, =u+vi for some real numbers X, y,u andv
i Toshow thatz.z, :|21|2 , simply you multiply z; withits conjugate
Z,=x-Yi as follows:
2,7, = (x+ Yi)(x = yi) = (€ +Y°) + (X(=y) + YOO) =X +y* =[ [

i Toshow that |z,|=|z]|, since ' = x-yi, you have

2=V = ey =l

i To show that |Re(z,)| <z, since x> < x* +y* for every real numbers x
and y, you have

IRe(z)|=1|x| = < x+yi= |z,|

iv. Toshow that |Im(z,)| < |z,|, since’y® < x* + y?, for every real numbers x
and y, youhave

MGz = |y =" <3+ y* =2
v Toshowthat |z,.z,| = |z, |t,|,
2,2, =(2.2,)Uz.2,) byi
=(2,.2,)U7,.7,) = (1, 1) Uz, [1,)
y T |2 .l = (|| )
=14 @[ =[3|Tz,|
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vi  To show that 4 :ﬂ, if z, 70,
z,| |z,
2 _ 2 2
z :[ﬁj[ﬁﬁj:iﬁi: AL {MJ
Z, Z, Z, z, 7, 17,0, |22|2 | 2|
LS m provided that z, 0
2,| |z,

vii  Toshow that |z, + z,|<|z,| +|z,|,
2+ 2 =@+ ) Uz +2,) = (2 +2,)(5+7,)
=z +722,+2,7,+2,03,
=g +2, @, + 2,7, +|2,
= o[ +2Re(z, 3, ) * |2,
But 2Re(z,.7,) = 2|2,.7,| = 27| |7,| = 2|2}/ |z,]-

|2

Thus,[z," + 2Re(z,2,) +[2," <[z +2[z.7,| + |2, = ([2.[+]z,])°

=z, +7,| < Qzl| +|22|)2

= |z, + 7,| <|z,| +|z,|, which is the required result.
viii To show that |z, - z,| 2|z, ~|z,|

|21 - Zz|2 =(,-2,)(z,-7,) = |Zl|2 -2Re(z,17,) + |Zz
oA AR (|Zl|_|22|)2

:>|zl—22|2||zl|—|22||

|2

2|Zl|2

The triangle inequality can be extended to any finite sum as follows:

|2, + 2, + [} 7, | < |z, | +|2,| + (I |2, |

(L+)"
(1+6i)(2-7i)
il ) e
L+6il|2=71] 12 +67[22 + (-7)?
)
V3753 3753

Example 5 Find|z|when z =

Solution |z| =
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1 Perform each of the following operations and write your answers in the form of
a+biwhere a and b are real numbers.

1 5+4i 2+3i 2+i
. b : c . d .
2+3i 2+3i 10 - 4i 3-4i
(2—3ij . 1+3 (2-3)@A-H @ +)E-i)
4+5i =i 0 (i-03+Y 2+

2 Given two complex numbersz, =3+4i and z, =6-38i, find each of the following:
a |z b |z, c |z|z d |zz,|
e Compare the values in c and d.

f |z, +2,|, |z|+|z,| and compare the two values.
g |z-17,|, |z]-|z,| and compare the two values.
h |z]=|z} |z|~|z,| and compare the two values.

3 Can you conclude that the result noticed in e is true for any two complex numbers
z,=X+Vyi and z, =a+bi for real numbers x, y, a, and b?

SIMPLIFICATION'OF COMPLEX NUMBERS

With the help of the concepts discussed so far, you can simplify a given complex
expression. Actually simplification means applying the properties of the four operations
on a given expression of complex numbers and write it in the form of a + bi.

Example 1 Express the following in the form of a + bi.

(4+2)(~6i) . 20+=24i +10i +12 _ 32-14i

(L+i)(L-3i) T-3i+i+3 4-2i
32-14i Y 4 +2i
7 Why?
(28] 22)
_ 128 + 64i - 56i + 28 _ 156 + 8i
16 + 4 20
_39 2.
= 4+
5 5
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b (1++-81)-(2--16) +(3++196)

= (1+\/—_1\/ﬁ)—(2—\/—_1\/ﬁ)+(3+\/19_6)
= (1+9)-(2-4i)+(3+14) = (1L-2+17)+ (9 +4i)
=16+13i

Example 2 Solve (2-3i) (x +yi) = 3.

Solution  Multiplying both sides of the equation (2 — 3i) (x + yi). =3 by (2 + 3i) (the
complex conjugate) gives;

(2+30)(2-3i)(x + yi) = 3(2+ 3i) = 13(x + yi) = 6 +9i

._6 9. _6 <™
=S>X+yi=—+—i=>x=—andy=—
13 13 13 13

Example 3 Solve (x+1)* = -4.
Solution (x+1)*’=-4
= (x+1) = +J/-4 = (x+1) = +,/(-1) x4

=S X+1=22i=> x=-1+2i
=S.5 ={—1—2i,—1+ 2i}

An important property of complex numbers is that every complex number has a square root.

Theorem 7.3
If w is a non-zero complex number, then the equation z2= w has a solutionz [T

Proof: Let w=a+bi, a,b You will consider the following two cases.
Case 1  Suppose b =0:Thenifa>0, z=+/ais a solution, while if a< 0, z=iv-a
is a solution:
Case 2 Suppose b # 0. Let z = x+yi, y CRIThen the equation z> = w becomes
(x+yi)> = x* - y®+2xyi = a+bi,
So equating real and imaginary parts gives
x*-y*=aand 2xy =b

Hence, x # 0-and y:£

2X
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2
Thus, x° —[Lj =a
So 4x*-4ax*-b* =0 and 4(x*)?-4a(x?*)-b?=0

= 4a ++/16a* +16b° _ atva’+b’
8 2

Since x? > 0 you must take the positive sign, as a —+/a? +b? < 0. Hence

2 = a++a’+b? . /a+x/alz+b2
2 B 2
b

Then, y is determined by y = o
X

Example 4  Solve the equation z? =1+i.

Solution Put z = x + yi then the equation becomes
(x+yi)" =x2 - y2 + 2xyi =1+i
=x*-y?=1and 2xy =1

Hence,x#0and y = zi.Consequently
X

X% - 1 2-1
2X

= 4x* -4x*-1=0

s 4+16+16 _1+/2

8 2
=>X=% 1+\/§
2
Then, y:_:i;
2X - \2\1442

Hence, the solutions are

! 1+\/§+ i
{V 2 ﬁJuﬁJ
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Example 5 Find the cube roots of 1.

Solution You have to solve the equation #=107-1=0

282

Now, 2 —-1=(z-1) (Z* + 2+ 1).
Soz2-1=0impliesz—1=00orz2+z+1=0
14V -4 -1£43i
2 2
~1+/3i
5 an

But, 2’ +z+1=0=1z=

—1—J§i_

2

Thus, there are 3 cube roots of 1, namely 1, d

| Exercise 7.5 |

Write each of the following in the form a +bi where a and b are real numbers.

13 i3 5 =120 £ 94 =31
a —— b - - - c " =417 +3i
3-2i 1+i i-)2-1)(3-1i)
d (24425~ (3-v-216)+(1+=9)) e Lr2,2-0
3-4i 5i
iR g i®+3™4+5i-3 h I
v-121
- g . (3-2i)(2+3i)
[ =12 AN s
( ) : @+2i)(2-1)
Given z, =2+i, z, =3-2i and z, =_?1+§i, simplify each of the following:
a 2,°-3z, +4z, bz c 32, - 47, + z,|
q ,Z, o e
Z, 7,

Solve each of the following equations:

& 2°+4=0 b z22+12=0 c 22 +z+1=0
d 322-27+1=0 e 2°=-1 f =1

Perform each of the following operations and compare the values obtained:

a  J8(-9) b J-4J-9 ¢ JEBO) d V449

If a and b are any real numbers: find conditions for which,

Vab =avb andab # vavb



Unit 7 The Set of Complex Numbers

ARGAND DIAGRAM AND POLAR
REPRESENTATION OF COMPLEX NUMBERS

This sub-unit begins by considering the Cartesian coordinate axes. Previously, you have
used a pair of numbers to represent a point in a plane. The main task of this section is to
set up a one-to-one correspondence between the set of points in a plane and the set of
complex numbers. To this effect let us use the following Activity and group work as a
starting point.

ACTIVITY 7.5

1 Consider the set {(x, y) | x and y are real numbers} in the
coordinate plane.

a Locate the two points (2, 3) and (3, 2) in the Cartesian coordinate system.
Do they represent the same point or different points? Explain.

b Whenis(a,b)=(c, d)?
c  Whatisthe sum (2, 3) + (5, 2)?
d Can you generalize the sum for (a, b) + (c, d)?
2 Identify whether each of the following points lie on the x-axis or the y-axis.

a (20 b (%,0) c (0 -3)

d (0.234,0) e (x,0); x[R1 f 0,y); yL[R]
Now you are in a position to set.up a one-to-one correspondence between the set of
complex numbers and the set of points in a plane, using the correspondence x + yi « (X, Y).
NorTAaTIONS
The set of points in the plane denoted by RxR =R? represent the set of all ordered
pairs (X, y) of real numbers x and y.

Define a function f:R* - C by f(x,y) = x+iyand answer

the following:

1 Iftwo points(X, y)and (a,b)with (X,y) # (a,b)are given, then is it possible to
have f(x,y)= f(a,b)?Explain.

2 Ifacomplex number x + yi is given, then does a point (a, b) always exist so that

x+yi = f(a,b) ? Explain.
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Geometric representation of complex numbers

The complex number z=x+yi is uniquely determined by the ordered pair of real
numbers(x,y). The same is true for the point P(x,y)in the plane with Cartesian

coordinates x and y. Hence it is possible to establish a one-to-one correspondence
between the set of complex numbers and all points in the plane. You merely associate
the complex number z = x + iy with the point P(X, y) . The plane whose points represent

the complex numbers is called the complex plane or the z-plane. Real numbers or
points corresponding to x = (x, 0) are represented by points on the x-axis; hence the X-

axis is called the Real axis. Purely imaginary numbers or points corresponding to
iy =(0,y) are represented by points on the y-axis, and hence we call the y-axis the

Imaginary axis. The complex numbers with positive imaginary part lie in the upper
half plane, while those with negative imaginary part lie in the lower half plane.

Instead of considering the point P(X,y) as the representation of z =x+ yi,you may

equally consider the directed segment or the vector extending from theorigin O to a point
P as the representation of a complex number z = x + yi . In this case, any parallel segment

of the same length and direction is taken as representing the same complex number.

For example, z= x + yi, zz = -4 + 2i and z, = 2 ~ 3i can be represented as shown in
Figure 7.1 below.

Imaginary axis
5
4 P(x,Y)
3 Vol
-4)2)
™~ i Z=Xx+Yi
21= 4+ 21 _
Real axis
Y R, 1 2 3.4 5
i Zy = 2= 3i
4
| 1el-3
-4
Figure/7.1

Z, |z| and the sum and difference of complex numbers can be presented as follows:

v |z| is the length of the vector representing the complex number z or the distance

from the “origin to the point corresponding to z in the complex plane. More
generally, |z1 - zz| is the distance between the points corresponding to z; and z; in

the complex plane.

|Zl - Zz| = |(X1 + i) = (%, + yzi)|

= |(X1 n Xz) + (y1 - yz)i| =\/(X1 _Xz)2 +(y1 - )/2)2
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v The point corresponding to Z is the reflection of the point corresponding to z with
respect to the real axis.

A Imaginary axis

Z =X+yi
'zl

P Real axis

\
\
\
\
\
\
\
|
\
\
\
\
\
|

Z=x-yi

Figure 7.2

Figure 7.2 shows that when the points corresponding to z and z are plotted on the
complex number plane, one is the reflection of the other.
v Because of the equation

(X1 +yai) + (X2 + Yal) = (X1 + X2) + (YL +Y2)i,
complex numbers can be added as vectors using the parallelogram law. Similarly, the
complex number z; — z, can be represented by the vector from (X, y2) to (X1, Y1), where
Z; = X1t yii and z; = Xo + yoi. (See Figure 7.3)
A

i Imaginary axis
21+ 122

» Real axis

=TS 132

Figure 7.3  Complex:number addition and subtraction

Polar representation of a complex nhumber

You have seen that a complex number can be represented as a point in the plane. Now,
you can use polar coordinates rather than Cartesian coordinates, giving the
correspondences (assuming z # 0)

Z=X+Yi o (X,Yy) o (r,0)
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Let z = x +yi be a non — zero complex number, r =|z| = {/x* + y*. Then you have

X =1rcos 6,y =rsin 6, where 6 is the angle made by the vector corresponding to z with
the positive x-axis. (@is unique upto addition of a multiple of 277 radians.)

From the above discussions, you have:
z=rcos@+irsind=r(cosd+isinb)

This is called the polar representation of z

Definition 7.7

When a complex number is written in the form z = r (cos 8+ i sin 8), @is called an
argument of z and is denoted by arg z. The particular argument of z lying in the
range —m< @ < mis called the principal argument of z and is denoted by Arg z.

From Figure 7.4, the principal argument of z: Imaginary axis
Argz= g you also have argz= 6+ 21 7=x+yi

In general,
.

r(cosd+isin @) = r(cos(8 + 2n7) +isin(6 +2nr)), /7 ,

for any integer n, 8+ 2nrris also an argument of z, K O+207  Real axis

whenever 8= arg (z). J

Figure 7.4
Arg(1) =0, Arg(-)=m, Arg(i)= %' Arg (—i):%.

Example 1

Note that ¥ = tan & if x # 0, so 6 is determined by this equation up to a multiple
X

of m
In fact Argz = tan™" [XJ +km,
X

k=0,if x>0
Where 1k =1, if x<0,y>0
k=-1if x<0,y<0

Example 2 Express each of the following complex numbers in polar form.

a 7=2+23i b  z=-5+5i c  z=3i d z=-1
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Solution

a r:\/22+(2ﬁ)2:\/4+1 =16 = 4
—tan-1 Y | san-t 243 — 4ol _T_
g =tan (—J—tan {Tj—tan (ﬁ)—g—Arg (2)

X

. /A
Therefore z = 2 +24/3i = 4(cos§+ isin Ej is the polar form of z.
b r=4(-5)7+5 =25+ 25 =4/50 =52

f=tan™ [lj =tan™ (EJ =tan'(-1) = %/T = Arg(z)
X

Therefore z =5+/2(cos 37” +isin 37”) is the polar form of z.

¢ r=40%+3=49=3 x=0=0c0s8=0

4n +1IT, n CZ. In particular if n =0 then 8 = %

8 =cos™(0) =

The principal argument is Arg (z) = %
T T
Therefore, z =3(cos 5 +isin E) is the polar form of z.

d  r=y(-)°+0*=16=sin"(0) and 8 =cos™ (1) = & = (2n+1)7,n [Z
The principal argument: Arg (z) = 7.
Therefore, z= cosm +isin 77 is the polar form of z.

If z, =r(cosé +ising) and z, =r,(cosé, +isiné,), then

=72, = =T, and g =6, + 271k, k [Z (Why?)

Example 3
a 3[cosz+isin£j:3(cos7—”+isin7—”) :3(c035—”—isin5—”J
3 3 3 3 3 3
b 8[cos£+isinZJ:S(COSB—”HSinB—”j =8[cosll—”—isin11—”j
6 6 6 6 6 6

The polar representation of a complex number is important because it gives a very
simple method of multiplying complex numbers.
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Theorem 7.4

Suppose z, =r,(cos 8, +ising,) and z, =r,(cosd, +isind,). Then the following
hold true.

a z,z,=rnr,[cos(g, +8,) +isin(6,+6,)]

4 i[cos(ﬁl —6,) +isin(@, - 6,)], provided that r, # 0.

2 I‘-2

Proof:
a z,z, =1, (cosé +ising)r, (cosd, +isinb,)
=11, [(cos 6, cos 6, —sin §,sin §,) + (i cos 6, sin 8, +icos6,sin 4)]
=rr,(cos (6, +8,) +isin(6,+6,) )
Hence, a is proved.

The proof of b is left as an exercise to you.
From the above theorem if 4 =6, =6and r, =r, =rand we have a complex number

z =r(cos@ +isind), then one can show that:
2° =r*(cos20 +isin26); i 1(cos @ -isin 8)
z r \
So one can generalize as follows:

z" =r"(cosn@+isinnd); for any integer n.
Interested students may try the proof for fun!

1 If &is an argument of z, then n@is an argument of z".
2 If & is an argument of the non-zero complex number z, then —@& is an argument of z*

3 If 61 and &, are arguments of z; and z, then 61 — & is an argument of 4
ZZ
4 In terms of principal argument, you have the following equations:
[ Arg(z,z,) = Argz, + Arg z, + 2k 7

i Arg(z™) =-Argz +2k,r
i Arg {le =Argz, —Argz, + 2k,
Z2

iv  Arg(z...z,)=Argz +..+Argz + 2k,

v Arg(z") =nArg (z) + 2k, where ki, k2, k3, s, ks are integers.
5  Itis not always true that Arg(z,z,) = Argz, + Argz,

For example, Arg(-1) = 7 but Arg|(-1)(-1)|=Arg1=0# 7+ 7
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A7
Example 4 Find the modulus and principal argument of Z:E%J and hence
i
express z in polar form.
‘\/5 +i 5 17 17
Solution |z|: = =922

|1+ i|17 (\/5)17

Argz =17 Arg [@J =17 (Arg(\@ +i)-Arg 1+ i))
+i
=17 Z—Z :ﬂ.
6 4 12
-1im . .
Hence Argz:( B j+2k/7, where Kk is an integer. We see that k = 1 and hence
o
Argz=—.
9z 12

Consequentl 2:2% cos7—”+isin7—”
a 4 12 12 )

| Exercise 7.6 |

1  Give the corresponding representation of the following complex numbers in the
Argand plane as points and identify the quadrants to which they belong:
a 1+i b 2-3i c 3+4i d -1-2i
2 Express each of the following complex numbers in polar form; and identify the
quadrant to which it belongs; find the modulus for each:

a 3 b 3i c -3
d -3 e 2+23i f 22 -2J2i
g -v6-42i h %—gi

3 Give the corresponding complex number for each of the following polar
representations:

n n n n

4 Find the principal argument for each of the following:
a z=4+3i b z=4-3i c z2=-2+2i d z2=-2-2i
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KOl Key Terms|

Argand diagram complex plane modulus
argument conjugate polar form
complex number imaginary axis real axis

Bl summary

1

290

An expression of the form x + yi is called a complex number, where x and y are

real numbers; andi? = 1. In this expression the number x is called the real part
of z; and vy is called the imaginary part of z.

A complex number x - i is called the conjugate of a complex number x + yi.
Ifz = x + yi, then its conjugate denoted by 7 is given by Z =X—Vi; the modulus

of z denoted by || is given by|z| = /x* + y? .

A Imaginary axis

Z =X +yi

/
g .
» Real axis

Figure 7.5

Let (r, 9) be the polar coordinates of the point representing the complex number
z=x+yi, r=0.Then,

x=rcosf, y=rsing, r=[z=yx"+y* and €=tan‘1(%j,forx¢0

z=rcos@+irsing =r(cos@+isind) is called the polar representation of z.

The angle @is called the argument of z and we write it as 8 =arg(z)..

Since r(cos@+isin@) =r(cos(d+2mn)+isin(8+2mn))for any integer n, then
@+2nis also an argument of z for any integer n whenever g = arg (z) .
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Arg(z) is called the principal argument of z; it is the value of the argument of z
in the interval (-7, ], that is, —-T<Arg(z)<7.

If Arg(z)is the principal argument of z, then arg(z) = Arg(z) + 27n,n [zdescribes
all possible values ofarg (z) .

?] Review Exercises on Unit 7

In each of the following solve for x and y.

a  x+yi=i(4-3i) b iii’izl-ﬁ

(o} (3+i) (x+yi) 3+ 4i)=3+09i d (2x+yi)(i+4) =

3+5i
e 2x+3xi+2y=28+09i
Given the complex numberz =3+4i :
a  find the conjugate of z.
b find the modulus of z.
¢  find the modulus of the conjugate.
d express z in polar form.

Find the conjugate, argument and modulus of each of the following expressions.
3+i b (2-3i)(4+1i)
et (i 3+1)(1i+5)
2
(i+2)(3-4i)(5+3i)
(2i +1)(4i +3)(51 -3)

Simplify each of the following and write each in the form of a+ bi where a and b
are real numbers.

A {300 _gji21 4 gj45 b 1+ 2i_ " 6‘_2i
6-8  10i
4x 2i
c i+ (i+1P+(i-1)P%+@{+2* d o
e (ﬂj £ (i)
NE)
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5

10

ALY

If z,,z,are complex numbers, then prove that
2, +2,[ +|z,- 2, =2( 2|’ +|22|2)

Solve each of the following expressions over C .
a X+2¥+x-4=0 b x*+2x+3=0
c X-2¢-3x+10=0 d x'+2x°+2=0

Express each of the following in polar form and evaluate z*° for each z.

a  z=4+4y3i b z=3,2-3/2i

c  z=-206-22i d z= £—§i
5 5

e zzl—i\/§ f Z=—-+3+I

Write the multiplicative inverse for each of the following complex numbers and
write the answers in the form of a + bi.

2+3i b 5-7i 3+2i
- - C -
1+i 2+10i 7—\/§|
Describe each of the following geometrically in a complex plane.
a |z-1=1 b |z-1<1 c |z-1>1

Convert each of the following from polar to Cartesian.

a ﬁ(cos%—isiniﬂj b «@(0033—”+isin3—”j
4 4 4 4

. . 27 . . 271
c cosm—isinT d 5 COS?—ISIH?





